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Introduction.
Our concern is with the strongly nonlinear instability of the boundary layer on a rotating disc, the important feature of our investigation is that the stability problem which we discuss corresponds to an exact solution of the Navier Stokes equations. In addition our investigation uncovers a class of exact steady and unsteady Navier Stokes solutions relevant to the flow over a rotating disc immersed in a three-dimensional stagnation point flowfield.
The importance of the stability problem for the boundary layer on a rotating disc is due to the fact that the flow can be thought of as a prototype stability problem for boundary layer flows over swept wings. Some years ago Gregory, Stuart and Walker (1955) showed that the flow over a rotating disc is highly unstable to an inviscid 'crossflow' instability associated with the highly inflectional velocity profiles which occur in certain directions. Their calculations pointed to the particular importance of a stationary mode of instability associated with an effective velocity profile having an inflection point at a position of zero flow velocity. The structure of the Gregory, Stuart and Walker mode in the nonlinear regime was later discussed by Bassom and Gajjar (1988), the latter authors show that in that regime a nonlinear critical layer structure develops. Malik (1986) and described using essentially triple-deck theory by Hall (1986) . Later MacKerrell (1987) was able to show that this mode is destabilized by nonlinear effects and therefore might cause the subcritical instability observed experimentally. However a key feature of the mechanism described by Hall (1988) is that the crucial balance of forces leading to instability is one between Coriolis and viscous forces, thus in swept wing flows this mechanism is possibly not operational. An alternative source of finite amplitude instability in more general three-dimensional boundary layers is the one discussed in this paper. Though we shall formulate and solve the resulting nonlinear interaction equations in cylindrical polarcoordinates it is easy to see the relevance of the structure we find to flows more naturally described in Cartesian coordinates.
In Section 2 we shall formulate the nonlinear interaction equations describing the flow over a rotating disc immersed in a three-dimensional stagnation point flow.
In Section 3 we shall discuss some steady equilibrium states of" these equations, in particular we describe the nonunique nature of" the solutions of these equations. In Section 4 we concentrate on the unsteady forms of the interaction equations and discuss the linear and nonlinear instability of the flow over a rotating disc in an otherwise still fluid. We close this section with a discussion of the boundary conditions required to enable a solution of the system (2,4), (2.5). We assume that as the flow evolves the mean (with respect to 8) part of the velocity
Next we assume that the wavelike part of the flow satisfies
where N is a constant dimensionless frequency.
In order that the _, and U equations are consistent with the above conditions A and J must be choosen such that
Having made the above choice of boundary conditions we can seek solutions of (2.4), (2.5) which are periodic period -_, the steady statesof (2.4),(2.5) are then found by settingN = 0. It followsfrom the in time with form of the nonlinear terms in (2.4), (2.5) that periodic solutions have (a, _, z_) independent of time so that 
Thus the periodicsolutionscan be found by integratingan ordinary differential system, (2.9),wheras the unsteady modes satisfya parabolicpartialdifferential system. For that reason we have been required in (2.10)to give initial conditionsto completely specifythe problem for 8,9,_) and U. Furthermore we note that (2.10)can be regarded as the appropriate nonlinearinitial value instability problem for the periodic problem (2.9).
In the next section we shall discuss the solutions of (2.9), the solution of (2.10) will be discussed in §4.
so]utions of" the interaction equations.
In order to begin the solution of (2.9) by some appropriate numerical method it is convenient to discuss a limiting form of that system which can then be used to begin the calculation. The first limit we consider is 3' -' 0 in which case the problem for _, e and t_ becomes uncoupled from that for U and is in fact simply Karman's solution. Thus we know that in the limit -y _ 0, _'(0) _ .50, 0'(0) " -.61. Another known flow is found in the limit ,y --, oo. In that limit we write Here f', g' satisfy
where L isa length and Cartesian coordinatesz,y,z Howarth identified the classof exact Navier-Stokessolutionsgiven by However we shallsee below that the solutionof (2.9)isnot unique so Davey's solutioncorrespond to only one of our solutionsat large values of q_.For nonzero values of N a slmUar asymptotic structurecan be obtained but the coefficients in the expansions (3.7a,b) will,of course,be functionsof the frequency. Before giving the resultsof our numerical investigation of (2.9)we note that, for"y=>:>i, the dominant terms in the steady state solutionof (2.3a,b,c) are such that (u,v,w) .._ rK"y(_o + U0cos20, -U0sin20, where without any lossof generalitywe have taken U0 to be real.
coordinateswe obtain a velocityfield If we transform (3.8) to Cartesian and comparison of (3.3),(3.9)then confirms our previous result(3.8).
In practicethe numerical solutionof (2.9)and indeed the reduced large"), problem, (3.2), isnot straightforward. The reason why there is a difficulty with the numerical solutionof (3.2) was firstdiscussedby Davey (1961) and laterin more detailby Schoi_eldand Davey (1967) . In order to see what thisdli_cultyis we consider the large ¢ limitof the equations to determine (a,_,_, U) in (2.9)with N = 0. Suppose that for ¢ >> 1 we write give a limited discussion of the more general problem with "y _ 0. The appropriate simplified form of (2.10)
is found by setting "y = 1 and applying the conditions U = 0, _ = 0, oo; we obtain
The above system is parabolic in T and can be solved by marching forward in time from T = 0; we note here in passing that O cannot be specified arbitrarily at T = 0 and must be deduced from _ via the equation of continuity.
For large values of T the solution of (4.1) will approach Karrnan's solution if that flow is stable. We can therefore regard (4.1) as the nonlinear initial value instability problem for Karman's rotating disc flow. However, we should bear in mind that (4.1) describes only finite amplitude disturbances with azimuthal wavenumbers +2.
In the first instance we restrict our attention The above eigenvalueproblems were solvednumerically;no unstable eigenvaluesof eithersystem were found so we conclude that the Karrnan's solutionis stable to small amplitude perturbations of the type discussed here. In factno discrete stable eigenvalueswere obtained either, thisis because both eigenvalue problems have a continuous spectrum over part of the plane #, < 0. The originof thiscontinuous spectrum can be seen from (4.4)by taking ( >> 1. We see then that the two exponential solutionsof the equation 2 2 4(oo). Thus in thisregion we for y both decay if # is within the parabola o', = -o" i/woo where woo = can always find a solution of (4.4) by combining the two independent solutions for 1/to satisfy the required condition at the wall. A similar continuous spectrum can be seen to exist for the system (4.5); we expect the continuous spectra play an important role in the initial value problems (4.2),(4.3). Indeed since there is apparently no discrete spectrum associated with (4.4),(4.5) it is clear that the initial value problem must in some sense be described completely by the continuous spectrum.
The initial value problem can be solved by taking Laplace transforms and inverting for particular forms of the initial perturbation, these inversions cannot in general be carried out analytically but their large time behaviour can be approximated asymptotically in a routine manner.
Rather than use the Laplace transform method we shall instead look directly for the large time behaviour of (4.2),(4.3).
We shall in fact restrict our attention to (4.2), but a similar approach can be used for (4.3).
Suppose then that woo denotes the limiting value of _ at large values of (, we choose to express/_" in At this stage we assume that all the exponential time dependence of the disturbance has been taken out by the substitution (4.6) so that N has only an algebraic dependence on T. It is well-known for the heat equation that the similarity variable _ essentially replaces _ when the the initial value problem is solved.
Here the situation is sllghtly more complicated and we must seek a solution of show that the required solution is where X is the similarity variableT-_" Note here that the matching condition with the lower layer now requiresthat for small X, N0 _"X.
The equation to determine -_'0 isfound to be
(4.10)
In order that the disturbance decays to zero at large values of X we must insistthat /V0 behaves llkethe exponentiallydecaying solutionof the above equation;sinceitmust alsogo to zero likeX for small X we can
we have plotted (log(TJfY'(O, T))T.
On the basis of our discussion above we see that this quantity should tend to --_ ,,_ -.2 for large T. We see that each of the above cases leads to results consistent with our
predictions.
A similar analysis to that given above for (4.2) can be given for (4.3), again the outcome is that a two-layer structure is required to describe the large time behaviour of the disturbance, furthermore the functions fi, _ are found to decay exponentially for large T with the same decay rate as that found above.
We shall now report on some calculations carried out for the full nonlinear problem (4.1) with initial conditions larger values of 6 demonstrate that Karman's solution is suhcritically unstable. At a finite value of T our calculations encountered a singularity and could not be continued further. We did, of course, check that the singularity remains when the ( and T step lengths were decreased. In Figures (4.3a,b,c,d For small values of_ the above solution must be matched onto a wall layer solution valid for _ = 0(T-T)-½.
However we will now return to the more general case 6 _ 0; it is easy to show that ws satisfies and for large values of ( we then find that From the asymptotic forms of the equations for u°, _0 w0 at large 77we find that there are three free constants which can be chosen so that the required conditions st _; = 0 are satisfied. Thus we conclude that the viscous wall layer at _ = 0(T -_)-} smoothea out the singular inviscid solutions so as to satisfy the boundary conditions. We conclude then by noting that the singularity structure given above is of course s singularity of the full Nsvier Stokes equations; in the phyBical situation we would anticipate that as the singularity develops the flow becomes unstable to disturbances with s more general 0 dependence. Presumably the growth of these other modee destroys the singularity structure and the Navier Stokes equations remain valid.
Conclusion
We have seen in the previous section that sufficiently large initial perturbations to Karman's rotating disc flow lead to the development of a singularity of the Navier Stokes equations. We note that the structure of the singularity we have described does not depend at zeroth order on the nature of the underlying basic state. Therefore it is likely that the singularity structure we have found could be set up by sufficiently large amplitude perturbations to other basic states.
If we assume that the structure we have found can be induced experimentally then a question of some importance is that of how the singularity can be controlled through the Nsvier Stokes equations once it haz begun. Since no terms in the Navier Stokes equations have been neglected in the analysis leading to the singularity it might appear that the singularity must be controlled by an alternative set of field equations.
However we do not believe that is the case, more precisely we believe that once the singularity has begun to develop the velocity profiles associated with it will be massively unstable to inviscld modes with azimuthal wavenumbers _ +2; these modes will then grow and prevent the further development of the singularity. Here we shall discuss the instability of the steady equilibrium solutions of (2.9) with N = 0. We denote 
o_
The first of these equations corresponds to (A4c) and leads to the continuous spectrum _ < -_v"_ found in §4. However (ASa,b) lead to the continuous spectra,
The po61tive root corresponds to the casewhen _ = -7_ in (A4a,b) and, surprisingly, we obtain an unstable continuous spectrum for7 > 0. However, itremains to be seen whether thisunstable continuous spectrum can induce a physicallyrelevantexponentiallygrowing solution.In order to answer thisquestion we shall now seek a large time solutionof (A2); the structurewe choose isbased on the assumption that at large times the unstable spectrum (A6a) effectively dominates the flow. The first step in our solutionprocedure is the substitution
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